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Abstract
Weconsider superﬂuidity and quantum vorticity in rotating spacetimes. The system is described by a
complex scalar satisfying a nonlinear Klein–Gordon equation. Rotation terms are identiﬁed and found
to lead to the transfer of angularmomentumof the spacetime to the scalarﬁeld. The scalarﬁeld
responds by rotating, physically behaving as a superﬂuid, through the creation of quantized vortices.
We demonstrate vortex nucleation through numerical simulation.
1. Introduction
Can spacetime curvature generate vorticity? Does the superﬂuid transfer of angularmomentumhappen on large
scales? It is already known that in at least one example, in fair contrast to liquid helium experiments in the lab,
there is the interesting case of the large-scale, high temperature environment of a neutron star, where
superﬂuidity is the leading explanation for pulsar glitches [1, 2]. In this paper, we investigate the question of
whether non-trivial spacetime curvature itselfmay help catalyze superﬂuid vorticity in a proof-of-principle toy
model. To this end, it is known that the vacuum is not empty but ﬁlledwith at least one complex scalarﬁeld,
namely theHiggsﬁeld postulated to generatemass in the StandardModel of particle physics. The scalarﬁeld’s
existence has found experimental support in the discovery of the associated ﬁeld quanta, theHiggs boson [3, 4].
The nonlinear quantumphase dynamics of such aﬁeld, on amacroscopic scale, can lead to superﬂuidity. There
are proposals that associatemany cosmological phenomenawith this superﬂuidity, chief amongwhich are dark
energy, darkmatter, and inﬂation [5–19]. For instance, it has been shown that Bose–Einstein condensates
(BEC), which sustain superﬂuidity under certain conditions, can be formed in curved spacetime and considered
as a candidate for darkmatter [11–17]. Therefore superﬂuiditymay play an important role in the study of dark
matter and this gives anothermotivation to consider superﬂuidity at cosmological scales.
In this wide context, we study the superﬂuidity of theHiggs vacuum in rotating spacetimes. Quantized
vorticity is the onlymeans throughwhich a superﬂuid can rotate, and as such, stands as a prominent signature of
superﬂuidity. Steady regularly distributed vortex lattices have been experimentally observed in rotating
superﬂuid helium [20] and the rotating BECof cold trapped atoms [21]. This is a very interesting and distinctive
macroscopic quantumphenomenon, and onemaywonder whether it can happen on astrophysical or
cosmological scales. Our observation is that rotating black holes, such as theKerr black hole in (3+1)-
dimensions [22] and the BTZblack hole in (2+1)-dimensions [23], can provide a similar rotating environment
as in condensed physics experiments and hencemay induce quantumvortices in the cosmic superﬂuid or the
Higgs vacuum.However, the rotating ‘bucket’ here, signiﬁcantly different from the container for liquid helium
and the laser trap for BECs, is the spacetime itself. It has never been demonstrated in principle that curved
spacetime itself can nucleate a quantumvortex lattice.We emphasize that we do not solve theKerr and BTZ
cases explicitly, but instead,moremodestly show that their equations ofmotion provide the right key
ingredients to form superﬂuid vortices.
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In general relativity, frame-dragging (or the Lense–Thirring effect [24]) refers to a special distortion of
spacetime geometry caused by a rotatingmass. It has been detected [25], and occurs because the spacetime has
angularmomentum.We explore the possibility that the frame-dragging effect of a spacetimewith angular
momentum can create quantumvortices in the cosmic superﬂuid. This is quantum vortex formation induced by
angularmomentum transfer from the spacetime to the ﬁeld.We refer to it as geometrical creation of quantized
vorticity.
In both the superﬂuid helium and the BEC cases, the system is described by amacroscopic wave function
Y = Y a( ) ∣ ( )∣ ( )x t x t, , e x ti ,   as an order parameter. Y( )x t, satisﬁes the nonlinear Schrödinger equation (NLSE)
or theGross–Pitaevskii equation (GPE), which are not suitable for relativistic systems. Therefore we use the
nonlinear Klein–Gordon equation (NLKG), promoting the order parameter Y( )x t, to a complex scalar ﬁeld
F( )x t, .We include a usual nonlinear potential (for simplicity we use aHiggs potential in the present paper), but
themain difference here is the use of the non-trivial topology of the curved spaceNLKG equation, whichwill be
subject to the effect of black hole spacetimes. For a comparison of theKG equationwith theGPE equation in the
context of curved spacetime, see [26].
In general, this Klein–Gordon equation should be solved in combinationwith the Einstein equation;
however, we neglect the backreaction of the complex scalar ﬁeld F( )x t, on the stress-energy tensor, and treat
the rotating black hole as the spacetime background in the canonical semi-classical approach. Despite neglecting
backreaction, it is difﬁcult toﬁnd numerical solutions for theNLKG in such backgrounds.We are therefore
compelled tomake a slow-rotation approximation underwhich two rotation terms, a Coriolis term and a
centrifugal term, emerge atﬁrst and second order in the rotational angular velocityΩ, respectively. Based on
numerical computations, weﬁnd that theﬁrst order Coriolis term is themost important.We show that it leads
to vortex formation, and therefore that quantum vortices can be generated by the frame-dragging effect of black
holes. The fast-rotating case is left for future investigation.
An interesting ﬁnding is that the emergence of the rotation terms occurs for both the BTZ case and theKerr
case.We show this explicitly by expanding their equations ofmotion in terms of angular velocity.We alsoﬁnd a
direct link between the BTZbackground and a simple rotationmetric.We numerically evolve the ﬁeld in the (2
+1)-dimensional casewith appropriate approximations, looking for quantum vorticity. Vortex nucleation in
this case emerges in a similar way to superﬂuid helium andBEC vortex lattices.We have not solved themore
formidable Kerr case. Even thoughwe have identiﬁed the same indispensable rotation terms in theKerr
equations ofmotion, the Kerr background geometry presents a signiﬁcantlymore challenging numerical
endeavor. Nevertheless, in theKerr case (like the BTZ case), it is still certain that the Coriolis rotation termwill
be responsible for the transfer of angularmomentum to the ﬁeld, catalyzing quantumvortex formation.
2.NLKG in an arbitrarymetric
The occurrence of superﬂuidity signals the spontaneous breaking of a global symmetry, which is taken to be a
U(1) group in the present article. This can be readily described by a complex scalar ﬁeld theoryΦwith aHiggs-
type potential. Therefore theﬁeldΦ, not particularly tied to any vacuum ﬁeld in particle theory, satisﬁes a
nonlinear Klein–Gordon equation (NLKG) in an arbitrarymetric (setting = 1)
lF + F - F =(∣ ∣ ) ( ) F 0, 2.12 02
where
F º - ¶ - ¶ F ºm mn n mn-( ) [( ) ] ( ) ( ) g g g g g, det . 2.21 2 1 2
Themetric mng is themeans throughwhich frame-dragging effects will enter, whileλ and F0 are the self-
interaction constant of theΦﬁeld and the vacuum expectation value of itsmodulus, respectively. The nonlinear
self-interaction spontaneously breaks the globalU(1) symmetry, andmaintains a nonzero vacuum ﬁeld F0. As
shown in [18], this vacuumﬁeld is stable against collapse due to self-gravitation, i.e., the equivalent Jeans length
is greater than the radius of theUniverse. (See [27] for amodel of a self-gravitating liquidmass which vibrates.)
TheNLKGequation is used (as opposed to the nonlinear Schödinger equation), because relativistic effects are
essential in this context. In addition, theNLKG equation ismore generalizable to quantumﬁeld theory in curved
spacetime, and the relationship between angular velocity and the number of vortices (Feynman’s relation)
becomesmodiﬁed in the relativistic regime [28].
Note that anNLKG-type equationmay also emerge in the formalismof relativistic BEC inﬂat and curved
spacetime. As shown in [13, 14], one can start with an interacting relativistic scalar bosonf atﬁnite temperature
T, and then calculate the difference between the numbers of bosons and anti-bosons and its relation to the
critical temperatureTc, under which a phase transitionmay happen; especially whenT Tc almost all particles
are condensed at the ground state, indicating the formation of a BEC. Separating the collective wave function
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(F) from the quantum ﬂuctuation (j) as f j= F +( )1 , oneﬁnds that the scalarﬁeldΦ satisﬁes anNLKG-type
equation (see [13, 14] for details).
In a phase representation F = sFe ,i the superﬂuid velocity is given by x s= v ,s s where
x s= -¶ ¶ -( )c ts 2 1 is a spacetime dependent factor thatmakes <∣ ∣ cvs . In the non-relativistic limit we have
xs ÿ/m, wherem is amass scale [18, 28]. In practice, it is simpler toworkwith s . A quantized vortex is a
solution to theNLKGwith
ps = =   ¼∮ · ( ) ( )n nsd 2 0, 1, 2, , 2.3
C
over some spatial closed loop C. Such quantized vortices have been extensively studied in liquid helium andBEC
of cold trapped atoms, both experimentally and theoretically [18, 20, 21, 28].Wewill search for these quantized
vortex solutions in the following section.
3.NLKG in the BTZmetric
Wewant to extract speciﬁc terms in theNLKG, equation (2.1), that arise from themetric and induce vortex
creation. For orientation, we consider ﬁrst the BTZmetric [23] in (2+1)-dimensional spacetime, which is a
vacuum solution to Einstein’s equation in the region outside of a rotating ‘star’ (a central distribution that has
bothmass and angularmomentum). The line element in spatial polar coordinates is given by
f f= + + +ff f ( )s g t g r g g td d d d 2 d d , 3.1tt rr tB2 2 2 2
or
f= - + + +f
ff
ff
f
ff
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⎛
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2
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with components inmatrix formusing f( )t r, , coordinates
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whereM is the black holemass, J is the angularmomentumof the spacetime and a is the AdS radius. TheAdS
radius characterizes themaximally symmetric Lorentzianmanifoldwith constant negative scalar curvature, the
analogue of hyperbolic space, in the sameway that the radius of de Sitter space is the radius of a sphere since de
Sitter space is the analogue of spherical space. This AdS radius is a radius of curvature of a generalized sphere in
the sense that it is a collection of points for which the ‘distance’, as determined by quadratic form, from the
origin is constant. The BTZblack hole is a solution for (2+1)-dimensional gravity with a negative cosmological
constant, i.e. asymptotically AdS. It is used as a toymodel to illustrate relevant physical content.
The frame-dragging component fgt implies a local rotational angular velocity
W = - =f
ff
( )
g
g
GJ
c r
4
, 3.4
t
B 2 2
which is independent of themass M.TheNLKGequation in the BTZmetric is equation (2.1)with mng given by
equation (3.3), i.e.7
f f f
l
F =- ¶ F¶ +
¶ F
¶ ¶ +
¶ F
¶ +
¶ F
¶ +
¶
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¶F
¶
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where grr is given by
=
+ -
= + -( ) ( )g M
a r
r a J Mr
1 4
4 4
. 3.6rr J
r
r
a4
2 2
4 2 2 22
2
2
2
7
Herewe temporarily take the units that are usual for the BTZmetric, c=1 and =G 1 8, to illustrate the simplicity of the hypergeometric
result.
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To illustrate the structure of equation (3.5), we apply the usualmethod of separation of variables:
fF = w f-( ) ( ) ( )t r R r, , e e 3.7t mi i
to obtain
w l- W - + = -( ) ( ) ( ) ( ) ( )
⎡
⎣
⎢⎢
⎛
⎝⎜
⎞
⎠⎟
⎤
⎦
⎥⎥g m
m
r r r
r
g r
R r R F R r
1 d
d
d
d
. 3.8rr
rr
B
2
2
2
2
0
2
Interestingly, the corresponding homogeneous differential equation of equation (3.8) (i.e. removing the
nonlinear potential termon the right-hand side of equation (3.8)) is actually a hypergeometric equation [29].
However, the ansatz equation (3.7) cannot lead to a vortex lattice solution andwe have to solve the equation
equation (3.5)without it.
ReinstatingG and c, we now show that under an appropriate approximation, solving equation (3.5) is
equivalent to solving theNLKG in the following comparisonmetric that describes rotation inﬂat (2+1)-
dimensional spacetime, with angular velocity W0:
f= - + + - W( ) ( )s c t r r td d d d d . 3.9comparison2 2 2 2 2 0 2
The effect of rotation enters theNLKGonly through F , which separates into a non-rotational termplus terms
that can be identiﬁedwith theCoriolis force and centrifugal force:
F = F + + ( )( )  R R , 3.100 Coriolis centrifugal
where F( ) 0 is that for the (2+1)-dimensionalMinkowskimetric
f f f f ffF = -
¶ F
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¶ F
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3.110
2
2
2
2
2 2
2
2
and the rotational terms are
f f= -
W ¶ F
¶ ¶ = -
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¶ ( )R c t R c
2
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0
2
2
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2
The equivalence between the two approaches comes from the fact that the BTZmetric is formally connected
to the comparisonmetric for the special values
= - = -W ( )M
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Therefore the difference between these twometrics vanishes if we assume that WB is approximately constant:
W » WB 0. Note that from equation (3.4) W = ( )GJ c r4B 2 2 can be expanded around a relatively large distance r0
W = = - D + D(( ) ( )⎛⎝⎜
⎞
⎠⎟
GJ
c r
GJ
c r r
r r
4 4 1 2
, 3.16B 2 2 2
0
2
0
3
2
therefore in the ring region - D < < + Dr r r r r0 0 , one can consider the angular velocity W » ( )GJ c r4b 2 02
and call this quantity W0.Whether this approximation is legitimate depends on the scale of the physical
phenomenon to be studied. In this paper we are interested in quantum vortices whose scale is determined by
their core size, which is certainly very small compared to themacroscopic scale of the black hole geometry.
Under this approximation, it is easy to read equations (3.10)–(3.12) from (3.5). (Alternatively, one can
simplywrite theNLKG in the comparisonmetric to identify the terms RCoriolis and Rcentrifugal in
equation (3.12) [28].)
In general, we can identify the effective Coriolis force and centrifugal force arising from the BTZmetric by
expanding equation (3.5) in powers of J (or equivalently WB) to second order, which gives:
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f f=
W ¶ F
¶ ¶ =
W ¶ F
¶ ( )R g t R g
2
, . 3.17
tt tt
Coriolis
B B
2
centrifugal
B B
2 2
2
There are of course higher order terms in the BTZwave operator F ; however, the presence of the terms
equation (3.17) indicates that theﬁeldΦ does, in fact, feel the rotation of the star through spacetime geometry.
This is to be expected, since frame-dragging is spacetime dependent. The terms in equation (3.17) depend on r
because WB and gtt depend on r, and they approach the form in equation (3.12)when  -g ctt 2, in the limits:
= - = -¥=- ( ) ( ) ∣ ( )g c g c, . 3.18tt aM tt r aMBTZ 2 BTZ 0 2
c
G
2
8
It is noted that in theﬁrst limit of equation (3.18), (afterM is set to its negative value),  ¥a is equivalent to the
regime Wr c in the context of the formal reduction = - Wa c2 2 2. In addition, when this ﬁrst limit of
equation (3.18) and J 0 is applied to the BTZmetric equation (3.3), the result is theﬂat and non-rotating
(2+1)-dimensionalMinkowskimetric. The second limit of equation (3.18), where M 0, allows one to obtain
the empty space vacuum state. The physical signiﬁcance of the ﬁrst limit lies in its consistency of approach toﬂat
spacetime. The physical signiﬁcance of the second limit lies in the fact that it furnishes a vanishing, non-negative
black holemass, approaching the vacuum state of empty space (not AdS space). In the context of AdS space
emerging as a bound state from a continuous black holemass spectrum (after one has set = -M c G82 and
J=0 but before one has taken the limit  ¥a ) [23], theﬁrst limit can be considered amore natural choice.
Although the rotational effects are contained in F , the nonlinear self-interactionwill be necessary to
produce vortices.Without the nonlinear potential in equation (2.1), the situation is that of a free test particle in
the spacetime. To see this, consider the radialﬁeld equation (3.8). The radialﬁeld describes somematerial in the
spacetime, while the nonlinear potential brings in self-interaction. The situation here is very similar to that for
theNLKGwith a rotating star as the source (discussed in [18, 28]); however, the numerical computation in the
BTZ case ismore challenging, owing to its curved-space nature and the cross derivative in theCoriolis force.
To explicitly demonstrate geometric vortex creation, we solve theNLKGnumerically in the comparison
spacetime, (i.e. equation (2.1)with themetric equation (3.9)), which retains the frame-dragging rotational terms
equation (3.12). The equivalence to the BTZmetric can be seen from equation (3.15). This approach is possible
to handle numerically and the results can be seen inﬁgure 1. For various choices ofmodel parameters (whichwe
specify), a vortex lattice emerges in the superﬂuid.
Aswe havementioned earlier in this section (see discussions below equation (3.15)), for aﬁnite region in
spacewhose size is very small comparedwith the AdS radius of the BTZmetric, the angular velocity WB can be
considered as approximately constant, W0. The numerical results for theNLKG in the comparisonmetric are
equivalent to those for theNLKG in the BTZmetric under such an approximation. Inﬁgure 1we used aﬁnite-
difference scheme and spectrummethods to decouple the cross derivatives ¶t and ¶f in theCoriolis term, and a
semi-implicit scheme similar to theCrank–Nicolsonmethod for the linear terms and an explicit scheme for the
nonlinear term. The boundary of the computation domain is chosen to satisfy Wr c , and a second order
Neumann boundary condition is imposed. The initial condition is an energetic, unstable vortexwith high
winding number, plusminor perturbation. To reach the ground state, we ﬁlter out the high-frequency
ﬂuctuations until theﬁeld conﬁgurationmainly consists of low-frequency components, signaled by the
appearance of vortices. Theﬁnal state is stable and is considered the ground state. For an interesting treatment
on hownon-minimally coupled free scalar ﬁelds are unstable in the spacetime of compact objects, see [31].
Figure 1. Left panel: lattice of 100 quantized vortices. This is a contour plot of themodulus of a complex scalarﬁeld that satisﬁes the
nonlinear Klein–Gordon equation in (2+1)-dimensional curved space–time, with frame-dragging. Right panel: contour plot of the
phase of the complex scalarﬁeld, showing the ‘strings’ across which the phase jumps by 2π. The computation is performed in a
circular domainwith radiusR=120, and the normalized parameters are W = 1 2400 , l = 6.4 and =F 10 .
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Figure 1 contains the vortex lattice with a plot of themodulus of the ﬁeld F∣ ∣on the left side and a plot of the
phaseσ on the right side. The locations of vortices are indicated by the dots (i.e.ﬁeld zeros) in themodulus plot,
and by the phase discontinuities aroundwhich the color changes fromblue to red (see online color version),
corresponding to a phase change of p2 . These results demonstrate quantumvortices. Their distribution is
determined by theCoriolis term. As the computation is performed under the slow-rotation approximation
W 1 , the centrifugal termof order W2 causes only a small non-uniformity to the vortex lattice. Again notice
that in the BTZmetric the distribution of vortices in thewhole spacemight not be uniform since the equivalence
of the BTZmetric and the comparisonmetric is only established under the approximation W » WB 0 in a small
ring region in the BTZbackground.However, this region is large enough to accommodate probably billions of
quantumvortices.
4.NLKG in theKerrmetric
It is now interesting to turn to theKerrmetric8 in (3+1)-dimensional space–time, which describes the region
outside of a rotating star ofmassM and angularmomentum J [22]. TheKerrmetric reduces to the Schwarzschild
metric when J=0. The line element is, in spatial spherical coordinates
q f f= + + + +qq ff f ( )s g t g r g g g td d d d d 2 d d , 4.1tt rr tK2 2 2 2 2
with
a q
q a q a
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The local angular velocity is given by [32]
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t
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For a comparisonmetric in (3+1)-dimensions, the Coriolis and centrifugal terms have the same form as in
equation (3.12), except thatf is to be identiﬁedwith the azimuthal angle in three spatial dimensions.We
calculate F using theKerrmetric andwrite theNLKGequation (2.1) explicitly as
a a q a f q f
q q q q
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where an overall factor ofΣ is included to simplify the expression. Similar to the BTZ case, we extract the
Coriolis and centrifugal terms by expanding in powers of WK, to second order:
f f=
W ¶ F
¶ ¶ =
W ¶ F
¶ ( )R g t R g
2
, . 4.6
tt tt
Coriolis
K K
2
centrifugal
K K
2 2
2
These are formally the same as in the BTZmetric.We recover equation (3.12)when  -g ctt 2, in the limit
r rs and  ¥c . These quantities vanish for the Schwarzschildmetric, forwhich W = 0.K In our calculations,
we use the potential approximation to the unperturbed Schwarzschildmetric [33].
In the slow-rotation regime, oncewe extract the terms RCoriolis and Rcentrifugal from theKerr black hole
geometry to describe the rotation, the conﬁning effect of the Kerr black hole on the superﬂuid is not very
different from the case of the non-rotating Schwarzschild black hole. It is easy to see that equation (4.5) reduces
to aNLKG in the Schwarzschild black hole background by setting a=0; then, under theNewtonian
approximation, an effective conﬁning potential~-M
r
appears. Therefore, ifM is large enough, rotating black
holes can hold some amount of cosmic superﬂuid through their gravitational pull, and the effective potential
plays the same role as the trapping potential in the rotating BEC context.We have not been able to solve
8
TheKerrmetricmay also be parametrized by the Schwarzschild surface gravity g and spring constant º Wk M K2 , in order to easily
demonstrate its Hawking temperature p = -T g k2 ; see [30].
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equation (4.5) exactly. Nevertheless, a numerical computation based on theNLKGwith a current-current
interaction has been performed in [28]. This interaction (see equations (45)–(51) in [28]), effectively contains a
position-dependent angular velocity term and is used to simulate the local rotation terms RCoriolis and Rcentrifugal
of theKerr black hole. The simulation only focuses on the position-dependent feature of the rotating terms,
neglecting the other curved spacetime factors.However, a solution of a three-dimensional vortex-ring lattice
was found (see ﬁgure 4 in [28]), and it will be interesting to seewhether such a solution exists for equation (4.5).
5. Conclusions and outlooks
In this paper we have studied, from amathematical point of view, the nonlinear Klein–Gordon equation in the
(2+1)-dimensional BTZ black hole background and the (3+1)-dimensional Kerr black hole background.
Physically speaking, we have studied the behavior of superﬂuids driven by rotating black holes (BTZ andKerr)
via the frame-dragging effect, and observed the formation of quantum vortex lattices by numerically solving the
NLKGequation under tractable approximations (slow and constant rotation). In the case of slow rotation, we
have identiﬁed equations (3.12), (3.17), and (4.6) as the relevant rotation terms for studying quantumvorticity
in rotating backgrounds. The common form taken by these terms is explicitly shown and discussed. In addition,
the vortex lattice inﬁgure 1 has the same pattern as the lattices seen in rotating superﬂuid helium and rotating
BECs [20, 21]. Although our results are derived in a restricted region of parameter space, they showhow angular
momentum in themetric can be transferred to the ﬁelds, resulting in vorticity and hence conﬁrming
superﬂuidity.
We do not speculate onwhether quantum vorticity should bemanifest in astrophysical observations. Our
results conﬁrm, only in principle, that rotating geometry induces vorticity. Our purpose herewasmodest: to see
if vorticity could be sourced by the angularmomentum in the spacetime. As this has been conﬁrmed, wewill
however remark that nucleation of quantumvortices in an astrophysical context could require signiﬁcant
frame-dragging, and thismay be the case in the neighborhood of a black holewith ultra-high angular
momentum. It has been speculated elsewhere that the so-called ‘non-thermal ﬁlaments’ observed near the
center of theMilkyWay are due to quantized vorticity [10].
As a related issue, it is interesting tomention that as the angularmomentum increases, one expects that
vortexﬁlaments would appear closer to the black-hole surface, forming a hydrodynamic boundary layer; this
may be relevant to the problemof black-hole collapse. It is well known in hydrodynamics that such a boundary
layer can accommodate any necessary boundary conditions for the surrounding ﬂuid.One of the outstanding
theoretical problems in general relativity is to extend theOppenheimer–Snyder solution [34] of black-hole
collapse in the Schwarzschildmetric, which carries no angularmomentum, to theKerrmetric. Amain obstacle
appears to be the lack of an appropriate generalization of the interiormetric, which in theOppenheimer–Snyder
case is just the non-rotating closed Robertson–Walkermetric. It is therefore tempting to contemplate that when
a hydrodynamic boundary layer is present, the outside Kerrmetric could be joined onto any interiormetric.
The relativistic character of the curved-spaceNLKG equation is appropriate for addressing questions
involving strong gravitational ﬁelds, such as those in the vicinity of the curved spacetime of a rotating black hole.
Since quantumvorticity is synonymouswith superﬂuids and is indicative of dynamical complex ﬁelds and
nonlinear pattern-forming systems, its presence in a gravitational context is particularly welcome.We hope that
these investigations contribute to the productive and fascinating enterprise that has been the consideration of
gravitational inﬂuence on quantum ﬁelds.
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